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Abstract
We propose the mean field dynamo model for the generation of strongest magnetic
fields, B „ 1015G, in a neutron star (NS) accounting for the chiral magnetic effect (CME)
driven by the shock in a supernova (SN) progenitor of that NS. The temperature jump
at a narrow shock front, where an initial magnetic field existing in inflowing matter rises
sharply, is the source of the CME that prevails significantly the erasure of the CME due
to the spin-flip through Coulomb collisions in plasma. The growth of the magnetic field
just behind the shock given by the instability term ∇ˆpαBq in induction equation, stops
after a successful SN explosion that throws out the mantle of a protoneutron star. As
a result, such an explosion interrupts the transfer of strongly magnetized plasma from
the shock onto NS surface and leads to the saturation of the magnetic field. Assuming
the rigid protostar rotation, we employ the mean field dynamo, which is similar to the
α2-dynamo known in the standard magnetohydrodynamics (MHD). The novelty of our
model is that α2-dynamo is based on concepts of particle physics, applied in MHD, rather
than by a mirror asymmetry of convective vortices in the rotating convection.
1 Introduction
The generation of strongest magnetic fields observed in magnetars „ 1015G [1] is still an
open problem in astrophysics. The observation of X-rays and the soft γ-emission from such
objects means the penetration of these fields the magnetosphere of a neutron star (NS), filled
by the magnetized plasma, which is a source of electromagnetic waves. The purpose of our
study is to understand how such superstrong magnetic fields, with B " BSchwinger “ m
2
e{e “
4.41 ˆ 1013G, can arise inside a nascent neutron star (NS).
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Rough estimates of the magnetic field strength, generated by the pα´ Ωq-dynamo at the
early stage of a nascent NS, are given in the pioneering work [2] on this subject. Magnetic
fields as strong as 3 ˆ 1015G can be generated as a random superposition of many small
dipoles with the size l „ 1 km through convection instability in such nascent NS originated
by a huge neutrino emission in the protoneutron star (PNS) during first seconds after the
core bounce. The α-helicity parameter for the NS rotation period Prot „ 30ms, estimated
in Ref. [2] within the pα ´ Ωq-dynamo model, is α „ Ωl{c „ 10´3, where Ω “ 2pi{Prot is the
angular velocity and l » 1 km is the coherence length of the magnetic field. Here we use the
dimensionless units ~ “ c “ 1 throughout the text.
The magnetic field origin in various celestial bodies is mainly associated with a dynamo
action, i.e. the transformation of the kinetic energy into the magnetic one in an electrically
conducting media (see, e.g., Refs. [3,4]). The drivers of dynamo action are thought to be the
differential rotation and various forms of mirror asymmetric flows in convective or turbulent
shells of the body of interest. The dynamo action in NSs was considered, in particular, in
Ref. [2] (see also Ref. [5]) for PNS in the context of the pulsar magnetic field origin.
However, the point is that a pulsar magnetic field can be thought to be amplified from
a relatively weak magnetic field in a normal star during its compression into a neutron star.
Perhaps, it is why the NS dynamo does not attract the main attention of experts in dynamo
studies, who more prefer solar or galactic dynamos. One more point is that NSs as remnants
of a supernova (SN) explosion are believed to be solid body rotators (see, e.g., Sec. 6.12 in
Ref. [6]), while the differential rotation is a very popular (however, not obligatory) dynamo
driver for dynamo modelers.
According to the contemporary knowledge, dynamo driven stellar magnetic fields can
reach the equipartition between magnetic and kinetic energies. It seems to be sufficient for
the explanation of pulsar magnetic fields even if details of the magnetic field evolution from a
relatively weak magnetic field in a normal star to that in NS remain debatable. The problem
arises for superstrong magnetar magnetic fields, where an additional amplification in NS is
likely to be inevitable even if various above discussed options are exploited.
Here, we face a problem with the concept of the solid body rotation of PNS since it is
much easier to amplify quasi-stationary magnetic fields using the joint action of the differ-
ential rotation and the mirror asymmetry rather by a mirror asymmetry only. Nevertheless,
a dynamo based on the mirror asymmetry only, known as α2-dynamo, is still possible and
widely discussed in stellar astrophysics (see, e.g., Ref. [7]). The novelty of our suggestion is
that the α2-dynamo is based on some concepts in particle physics implemented for the Anoma-
lous Magneto-HydroDynamics (AMHD) rather owing to the mirror asymmetry of convective
vortexes in the rotating convection.
Some new attempts to explain the generation of strong magnetic fields in PNS using
AMHD were undertaken, e.g., in Refs. [8–10]. The following development of AMHD as laminar
and turbulent dynamos applying such approaches both for a hot plasma in the early Universe
and for the degenerate ultrarelativistic electron plasma in PNS was made in Refs. [11,12]. Note
that, in Ref. [13], the mean spin term in a hot plasma, „ B∇µe, was taken into account as an
additional source for the evolution of a chiral anomaly in AMHD. However, in a hot plasma
of the early universe, the electron chemical potential µe is negligible, µe ! T . Therefore the
lepton asymmetry and the corresponding mean spin cease.
In the present work, we continue our studies for the application of AMHD trying to explain
the generation of strong magnetic fields in PNS. The mirror asymmetric magnetic field driver,
responsible for the dynamo action, is connected with the mirror asymmetry of some particle
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physics characteristics.1 In this sense, accounting for the rigid rotation Ω “ const assumed
in our work, the dynamo suggested here can be considered as a specific kind of the so-called
α2-dynamo based on the mirror asymmetry of convective or turbulent flows in the standard
MHD (see, e.g., Ref. [14]).
A substantial difference of the process under discussion from the conventional forms of
α2-dynamo is that the dynamo driver in question is connected with a magnetic field somehow
created at the previous stage of the magnetar evolution, namely in the SN progenitor of a
nascent NS as we suggest here. Correspondingly, the process occurs to be very nonlinear just
from its starting point. It is why the application of conventional methods of dynamo studies
to separate the investigation of the evolution of the dynamo driven magnetic field from the
evolution of dynamo drivers in order to simplify the problem, occurs here even more limited
rather in stellar or galactic dynamos.
Of course, contemporary numerical simulations can be applied for the solution of very
complicated equations, and it is not a great deal, in principle, to include various effects in a
single numerical model. Typically, it would require to consider various details of the dynamo
driven magnetic field configuration. The point however is that our knowledge of the structure
and physical properties of magnetars is very limited. Thus, it would be highly desirable to
avoid detailed description of the magnetar magnetic field configuration and deal with few of
its first Fourier modes.
In order to resolve these contradictory intentions, we consider a general set of governing
equations in a suitable Fourier basis and truncate it as strongly as possible to keep a few
Fourier modes to allow the dynamo action. A simple analysis, e.g., in Ref. [15], shows that we
need here two Fourier modes for the poloidal magnetic field component and two Fourier modes
for the toroidal magnetic field component. Correspondingly, we keep two Fourier modes for
the α-effect as well. Of course, our dynamo model is quite sketchy and illustrative. However,
we believe that it allows to understand the physics of the problem under discussion until one
learns more about the magnetar structure.
In short, the scenario for generation of strong magnetic fields is the following. We consider
the amplification of an initial magnetic field within the envelope of the contracting protostar
at the stage after shock bounce in the PNS core, and rely here on the model for a revival of the
stalled supernova shock previously suggested in Ref. [16]. Note that the recent 3D calculations
confirm a delay of the stalled shock at Rs » 150 km during a long time tpb „ 0.3 s (see Fig. 1
in Ref. [17]). Since the gas falling into the stalled shock is strongly decelerated and postshock
velocities are smaller than the local sound speed, the structure of collapsed star, including the
region behind the shock, can be well described by hydrostatic equilibrium [18]. Therefore, in
our AMHD dynamo model, we consider all parameters, such as the conductivity, the density,
the temperature, in the radiation dominated region just behind the shock as the static ones.
The evolution of the magnetic field components and the α-helicity parameter proceeds there
much faster. Hence we solve self-consistently the full set of the mean field dynamo equations
as a problem with chosen initial conditions.
Thus, in the present work we develop the mean field dynamo approach in AMHD for the
generation of strong magnetic fields in NS just after the core bounce in its SN progenitor.
The amplification of an initial magnetic field is based on the chiral magnetic effect (CME) in
1In AMHD, the α-helicity parameter is proportional to the chiral imbalance µ5 “ pµR ´ µLq{2, where µR,L
are the chemical potentials of right and left-handed electrons and α „ µ5. Such a parameter is preudoscalar,
i.e. it is mirror asymmetric, since µ5 Ñ ´µ5 under the space inversion.
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relativistic electron gas. The CME is effective both within the shock front and just behind
shock crossed by inflowing mantle, which, in turn, transfers such magnetic field frozen in
plasma and amplified at the stalled shock position Rs » 150 km to the NS surface at RNS “
10 km. As a result, the additional growth of the magnetic field frozen in plasma on more than
two orders of magnitude can occur owing to that transfer.
Our work is organized as follows. In Sec. 2, we describe, in short, the scenario for the
magnetic field amplification near the shock in SN. Then, in Sec. 3, we derive the master
evolution equation for the α-helicity parameter that enters the magnetic field instability term
in the Faraday equation, „ ∇ ˆ αB. For that we start from the statistically averaged axial
Ward anomaly, known as the Adler-Bell-Jackiw anomaly in QED, estimating, in Sec. 3.1,
the static electric conductivity σ behind shock. In Sec. 3.2, we present the master evolution
equation for αptq in the dimensionless form suitable for numerical simulations. The full set
of the evolution equations in the mean field AMHD dynamo approach is given in Sec. 4. In
Sec. 4.1, we formulate the low Fourier mode approximation and, in Sec. 4.1.1, we choose
the initial conditions. Then, in Sec. 5, we present the results of the numerical simulations
showing the dynamo amplification of an initial magnetic field and the evolution of the α-
helicity parameter for the different shock widths p∆rqfront. We discuss our results in Sec. 6.
In Appendix A, we present the full set of the ordinary non-linear differential equations solved
numerically in our model.
2 The CME scenario for the magnetic field generation by the
shock in SN
In Fig. 2 in Ref. [16], one can see the heating region behind the shock where, first, there is a
jump of the temperature and the density at the shock position r “ Rs. Note also that the
electron number density for a mildly degenerate electron gas in that hot region, µe ą T ą me,
see Eq. (57) in Ref. [16],
ne “ Ye
ρ
mN
“
µ3e
3pi2
`
T 2µe
3
, (1)
should be valid for T ! µe and differs from the case of fully degenerate gas because of the
temperature correction.
When a shock passes the neutrinosphere at the distance r “ Rν “ 50 km ą RNS “ 10 km,
one finds from Eq. (1), accounting for the temperature Tν “ 4MeV and the corresponding
density ne,
2 the ultrarelativistic chemical potential µe “ 42MeV " me. While for a stalled
shock at the distance r “ Rs “ 150 km, using estimates for the density of matter consisting
of electrons, protons, and neutrons, ρ » 109 g ¨ cm´3, Ye “ 0.2, and ne “ 2 ˆ 10
32 cm´3, as
well as the temperature Ts » 1MeV behind the shock [16], we find the case of the mildly
degenerate electron gas, µe “ 3MeV ą Ts ą me.
On the other hand, it is well known that, due to the direct Urca process in a contracting
protostar with emission of left neutrinos, p` eL Ñ n` νeL, there appears in the environment
before the core bounce a small imbalance between densities of right-handed and left-handed
2The electron density at the neutrinosphere, ne “ p1{σwRνq “ 10
36 cm´3, is given by the cross section
of the electroweak νe-scattering, σw “ 2 ˆ 10
´44pEν{MeVq cm
2, where Eν » 10MeV is the mean electron
neutrino energy emitted from SN.
4
electrons, n5 “ nR ´ nL ą 0, n5 ! ne, where ne “ nR ` nL,
n5px, tq “
„
µ3R
6pi2
´
µ3L
6pi2

`
T 2
3
´
µR ´ µL
¯
“ µ5ptq
µ2e
pi2
«
1`
2pi2
3
ˆ
T
µe
˙2ff
. (2)
The evolution of the chemical potential imbalance µ5ptq “ pµR´µLq{2 that enters the anoma-
lous current janom “ e
2µ5B{2pi
2 in the Maxwell equation, ∇ ˆB “ j` janom,
3 added to the
ohmic current j “ σpE ` v ˆ Bq, is driven by a huge temperature gradient at the narrow
shock front dT {dr|r“Rs » ´∆T {p∆rqfront, see Eq. (10) below. Such a temperature gradient
is seen at the distance r “ Rs from the NS center in Fig. 2 in Ref. [16].
2.1 Shock width in supernova
Here a narrow shock width, p∆rqfront, in general, should be of order the free path
4 for nuclei
coming from protostar matter inflow with respect to their photo-disintegration into free nu-
cleons just within the shock front at Rs “ 150 km. It means that the width is large enough,
p∆rqfront „ λγ “ pσγnBq
´1 „ 10´8 cm. Here nB “ ne{Ye » 10
33 cm´3 is the baryon density
for the electron density in Eq. (1) behind the shock front and σγ “ p20˜ 30qmb is the cross
section accounting for the giant dipole resonance for the photo-disintegration reactions [22].
Before that time, at an earlier moment, the intensive shock passes the neutrinosphere at
Rν “ 50 km, where the baryon density is greater than for a stalled shock at Rs “ 150 km,
nB “ ne{Ye “ 5ˆ 10
36 cm´3. As a result, the shock width is much shorter there, p∆rqfront “
pσγnBq
´1 “ 10´11 cm. This fact strongly affects the CME growth of the α-helicity parameter
in the mean field dynamo. However, at that time, we do not expect the successful SN
explosion, which leads to the shutdown of magnetized protostar matter inflow, hence, to a
fast saturation of the CME amplification of a seed magnetic field.
Therefore, to shorten characteristic times for the AMHD dynamo, we assume below a finite
shock width at Rs “ 150 km which is less than λγ above, p∆rqfront „ p10
´11 ˜ 10´10q cm,
where the shortest one corresponds to the mean distance between particles just behind shock
r À Rs, p∆rqfront » n
´1{3
B „ 10
´11 cm. This assumption is a compromise between the two
contradictive demands: the free path in gas-dynamics of continuous media should be zero,
λ “ 0, or gas-dynamical methods fail for the description of the inner structure of intensive
shocks [21]. While, on the other hand, a real shock width should be finite.
2.2 Attenuation of the magnetic field instability due to successful SN ex-
plosion
Somewhere behind the shock at temperature T ą 1MeV the dense matter consists of free
electron-positron pairs, photons and nucleons in the radiation-dominated region where neutri-
nos (antineutrinos) loose energy through their captures, νe`nÑ e
´`p and ν¯e`pÑ e
``n.
It results in the shock reheating, just changing its possible stagnation regime. For sufficiently
3The presence of such electric current is called in literature as the chiral magnetic effect (CME) in relativistic
plasma [19, 20]. Note that janom is the vector current, since µ5 is pseudoscalar under the space inversion, for
which nR Ø nL, or µ5 Ñ ´µ5.
4For an intensive shock its width should be of order the free path λ for particles in the corresponding
medium [21]. For instance, in the terrestrial atmosphere the shock width p∆rqfront „ λ “ 1{nLσ » 10
´4 cm is
given by the molecule density (Loschmidt number), nL “ 2.7 ˆ 10
19 cm´3, and the cross-section for molecule
collisions, σ » pia2, where a “ 10´8 cm.
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large neutrino luminosities Lν such reheating should lead to the successful explosion throwing
out the PNS mantle, as shown in Figs. 6 and 7 in Ref. [16]. The corresponding reversal of
the matter inflow to its outflow interrupts the transfer of magnetized plasma from the shock
onto NS surface. This stage leads to the end of the magnetic field instability given by the
term „ ∇ ˆ αB in the Faraday induction equation, see below in Eq. (18). Consequently,
the helicity parameter α „ µ5 of the CME origin driven by the shock in a supernova ceases
somehow, αÑ 0, see here Eq. (3) and Fig. 2 .
Since the AMHD dynamo action is presumably faster than the acceleration of shock due
to reheating, or such plasma parameters as the temperature, the density, the conductivity are
static at Rs, we do not touch a more general problem of the common solution of the hydrody-
namical equations for a supernova explosion, see corresponding Eqs. (2)-(6) in Ref. [16], and
AMHD dynamo for magnetic fields. We introduce instead the single temporal factor F ptq
that simulates the reversal of the matter inflow to its outflow in hydrodynamics, leading to
the CME cutoff αÑ 0 via the change αÑ F ptqα,
F ptq “
1
2
t1´ tanhrKpt´ t0qsu . (3)
Here K “ 10{t0, t0 is the CME cutoff time that varies in dependence on p∆rqfront related
with the intensity of the shock5, see below in Sec. 5. For late times t " t0 the product F ptqα
vanishes together with the CME, F ptqαÑ 0. The instability term F ptq∇ˆ αB ceases in the
induction Eq. (22) resulting in the saturation of B (see Fig. 1). Obviously, this factor is not
important for t ă t0 since F ptq « 1. Hence, the CME is active only at early times.
3 Chiral anomaly evolution in the SN progenitor of a nascent
NS
We consider the axial Ward anomaly,
B
Bxµ
ψ¯eγ
µγ5ψe “
BjµR
Bxµ
´
BjµL
Bxµ
“ 2imeψ¯eγ5ψe `
2e2
16pi2
Fµν F˜
µν , (4)
statistically averaged in a magnetized degenerate ultrarelativistic electron gas, pFe " me,
Bn5px, tq
Bt
“ ´∇ ¨ Spx, tq `
2αem
pi
pE ¨Bq ´ Γfn5px, tq, (5)
where n5px, tq “ nRpx, tq ´ nLpx, tq “ xψ
`
e γ5ψey0 „ µ5 is the chiral density in Eq. (2), a
small mass pseudoscalar term 2imexψ¯eγ5ψey0 „ me was omitted, and we added the spin-flip
term „ Γf arising due to Coulomb collisions in plasma with the chirality flip, eL Ø eR,
that diminishes chiral imbalance, µ5 Ñ 0 . Here the term ∇ ¨ S given by the mean spin
S “ xψ`e Σψey0 “ ´eµeB{2pi
2, known as the chiral separation effect (CSE) [20], is fully
canceled6 due to the term ∇µe{e entering the electric field in the generalized Ohm law for a
5The shock width reduces with the increase of shock intensity given by a growth of the pressure jump,
p∆rqfront „ pPs ´ Ppq
´1, where Ps is the postshock pressure and Pp is the preshock one, see Eq. (93.13) in
Ref. [21]. The more intensive shock due to a great neutrino luminosity Lν in PNS, the earlier the successful
SN explosion starts, see in Figs. 6 and 7 in Ref. [16].
6Note that such a cancellation is absent in the early universe plasma since the early universe matter is
uniform.
6
non-uniform medium,7
E “ ´vˆB`
j` janom
σ
´
∇µe
e
´
„
QT `
S
en

∇T, (6)
where σ is the electric conductivity, QT is the thermopower from Eq. (46c) in Ref. [23] when
substituting there m˚e “ µe « pFe ,
8
QT “
4pi2
3e
ˆ
T
pFe
˙
, (7)
In Eq. (6), S is the entropy density. The entropy per baryon, S{n, estimated in Ref. [2] for
early times after the core bounce is S{n » 5 ˜ 10 . Thus, substituting the mean spin term
´∇ ¨ S “ `eB∇µe{2pi
2 and the electric field in Eq. (6) to Eq. (5), one gets the cancellation
of the mean spin term. We account for the expression of product „ E ¨B in Eq. (5),
2αem
pi
pE ¨Bq “
2αem
piσ
p∇ˆBq ¨B´
p2α2emq
pi2σ
µ5B
2 ´
eB∇µe
2pi2
´
e2
2pi2
„
4pi2
3e
ˆ
T
pFe
˙
`
S
en

B∇T, (8)
where αem “ e
2{4pi « p137q´1 is the fine structure constant. Thus, accounting for the value
of ´∇ ¨S`p2αem{piqpE ¨Bq, we get from Eq. (5) the evolution equation for the chiral density
n5 “ nR ´ nL , where the temperature gradient at the shock front „ ∇T is the source of the
CME,
Bn5px, tq
Bt
“´
„
2e
3
ˆ
T
pFe
˙
`
e
2pi2
ˆ
S
n
˙
B∇T `
2αem
piσ
rB ¨ p∇ˆBqs
´ n5px, tq
¨
˝Γf ` p2αemq2
σµ2e
«
1`
2pi2
3
ˆ
T
µe
˙2ff´1
B2
˛
‚. (9)
Basing on Eq. (9), one gets the kinetic equation for the chiral anomaly imbalance µ5 related
with n5 in Eq. (2),
Bµ5px, tq
Bt
“´
pi2
µ2e
«
1`
2pi2
3
ˆ
T
µe
˙2ff´1 „2e
3
ˆ
T
pFe
˙
`
e
2pi2
ˆ
S
n
˙
B∇T
´ Γfµ5
„
1`
B2
B20

, (10)
where we omitted a small magnetic diffusion term „ B ¨ p∇ ˆBq{σ, and input the normal-
ization, B2{B20 ,
B20 “
Γfσµ
2
e
p2αemq2
«
1`
2pi2
3
ˆ
T
µe
˙2ff
“ 1.75MeV4, (11)
7To get Eq. (6) we equate the effective electric field E˚ in Eq. (19) to another form for E˚ in Eq. (26) in
Ref. [23] adding anomalous current janom “ e
2µ5B{2pi
2 for chiral plasma.
8We remind that we use units kB “ c “ ~ “ 1.
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that corresponds to B0 “ 1.33MeV
2 “ 6.6 ˆ 1013G. Here σ “ 17MeV is the electric
conductivity near the shock, see below Eq. (14), and Γf is the rate of the spin-flip, eR Ø eL,
due to Coulomb ep collisions [10],
Γf “
α2em
3pi
ˆ
me
µe
˙2
µe
„
ln
ˆ
1
αemp1` µe{3T q
˙
´ 1

, (12)
where we substitute µe “ 3MeV and T “ 1MeV resulting in Γf “ 1.43ˆ 10
´6MeV.
3.1 Electric conductivity near the shock
We consider matter, consisting of electrons e, protons p, and neutrons n, in the radiation
dominated region near the shock at r À Rs “ 150 km just after the core bounce and use the
electric conductivity in Eq. (74) in Ref. [23],
σ “ 1.86ˆ 1030 s´1
ˆ
nB
n0
˙8{9
ˆ
ˆ
T
108K
˙´5{3
Apxe, xpq, (13)
where we neglect the contribution of muons. To obtain Eq. (13) we put xe “ ne{nB “
xp “ np{nB “ Ye “ 0.2 using the electroneutrality condition ne “ np, Apxe, xpq „ 1. Here
n0 “ 0.16 fm
´3 “ 1.28 ˆ 106MeV3 is the central density within NS saturated core, or ρ0 “
2.7ˆ 1014 g ¨ cm´3, and nB is the baryon density near the shock, nB ! n0.
Note that, in Ref. [16], one assumes a rarefied matter nB “ ne{0.2 “ 10MeV
3 near the
shock position Rs, since µe “ 3MeV and T “ 1MeV. It results in ne “ µ
3
e{3pi
2 ` µeT
2{3 „
2MeV3. Taking into account that nB{n0 “ 7.8ˆ 10
´6, we get that
σ » 17MeV, (14)
where we use Eq. (13).
3.2 Evolution of the helicity parameter driven by shock in SN
From the statistically averaged chiral anomaly in Eq. (10) one obtains the master evolution
equation for the magnetic helicity parameter α “ p2αemµ5q{piσ in the form,
Bα
Bτ
“ ´
2αempiR
2
s
µ2e
„
ep2T {3µeq ` epS{2pi
2nq
1` 2pi2pT {µeq2{3

Br
dT
dr
´ α
„
ΓfσR
2
s
ˆ
1`
B2
B20
˙
, (15)
where σ “ 17MeV results from Eq. (14) for T “ 1MeV, µe “ 3MeV, then Rs “ 1.5ˆ 10
7 cm
is the shock distance from NS center, Γf “ 1.43 ˆ 10
´6MeV is the rate of the spin-flip in
Eq. 12), τ “ t{tdiff is the dimensionless time, and tdiff “ σR
2
s “ 2 ˆ 10
8 yr is the magnetic
diffusion time.
To proceed in the analysis of Eq. (15), we use the spherical coordinates system, that
is natural if one deals with the magnetic field in NS. Then, following Ref. [24, p. 373], we
decompose the magnetic field into the toroidal Bt “ Bϕeϕ and the poloidal Bp “ Brer`Bθeθ
components: B “ Bt ` Bp. Moreover, we introduce the vector potential A “ Aϕeϕ for
Bp “ p∇ ˆAq.
We can express the poloidal components Br,θ for the axisymmetric field given by the
azimuthal potential Aϕ in the form,
Bθ “ ´
1
r
B
Br
prAϕq, Br “
1
r sin θ
B
Bθ
psin θAϕq, (16)
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where θ is the colatitude angle. Finally, accounting for the factor ΓfσR
2
s “ 1.36 ˆ 10
31 and
using Eqs. (15) and (16), one obtains
Bα
Bτ
“ `
1.8 ˆ 1022
p∆rqfront{1 cm
ˆ
BA
Bθ
` cot θA
˙
´ α
„
1.36 ˆ 1031
ˆ
1`
B2
B20
˙
, (17)
where we substituted dT {dr “ ´T {p∆rqfront.
4 AMHD dynamo model for the rigid protostar rotation
For simplicity we consider the rigid PNS rotation Ω “ const, for which the differential rotation
is absent, BθΩ “ BrΩ “ 0. Hence the dynamo term ∇ ˆ pv ˆ Bq vanishes in the Faraday
equation that takes the form,
BB
Bt
“
1
σ
∇2B`∇ˆ αB. (18)
Therefore, we should not involve the Navier-Stokes equation neglecting also a small vorticity
contribution „ ω “ ∇ˆ v.
The complete system of the dynamic equations for the 3D dynamo model with an ax-
isymmetric magnetic field in a thin layer at r « Rs includes the following three AMHD
equations:
1. For αpr, θ, tq-parameter originated by the CME and given by Eq. (17).
2. For the azimuthal potential Aϕpr, θ, tq.
3. For the toroidal magnetic field Bϕpr, θ, tq.
The differential equations for Aϕ and Bϕ were derived in Ref. [25].
From standard equation for the axisymmetric azimuthal potential Aϕ,
BAϕ
Bt
“
1
σ
ˆ
1
r
B2prAϕq
Br2
`
1
r2
B
Bθ
„
1
sin θ
Bpsin θAϕq
Bθ
˙
` αBϕ, (19)
multiplied by the diffusion time tdiff “ σR
2
s, one obtains
BA
Bτ
“
„
´µ2A`
B2A
Bθ2
` cot θ
BA
Bθ
´
A
sin2 θ

`
ˆ
2.55 ˆ 1019
2
˙
αB, (20)
where the dimensionless toroidal magnetic field is normalized on MeV2 “ 5 ˆ 1013G, i.e.
B “ Bϕ{MeV
2. The potential Aϕ is normalized on RsMeV
2, giving the dimensionless A “
Aϕ{RsMeV
2. At the distance Rs “ 150 km from NS center, the factor 2.55 ˆ 10
19{2 stems
from the product σRs “ 2.55 ˆ 10
19{2.
The standard induction (Faraday) equation for the axisymmetric toroidal field,9
BBϕ
Bt
“
1
σ
ˆ
1
r
B2prBϕq
Br2
`
1
r2
B
Bθ
„
1
sin θ
Bpsin θBϕq
Bθ
˙
´
1
r
B
Br
„
α
B
Br
prAϕq

´
1
r
B
Bθ
„
α
r sin θ
B
Bθ
psin θAϕq

, (21)
9We substitute r “ Rs for αpRs, θ, tq in a thin layer ∆front within shock front. Thus Brα “ 0 while Bθα ‰ 0.
The other radial derivatives are parametrized in a thin layer as Rs ˆ BrpA,Bq Ñ iµpA,Bq, following Parker’s
suggestion [26] in the standard MHD dynamo.
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being multiplied by tdiff “ σR
2
s , takes the following form,
BB
Bτ
“
„
´µ2B `
B2B
Bθ2
` cot θ
BB
Bθ
´
B
sin2 θ

´
ˆ
2.55 ˆ 1019
2
˙
ˆ
„
Bα
Bθ
ˆ
BA
Bθ
` cot θA
˙
` α
ˆ
´µ2A`
B2A
Bθ2
` cot θ
BA
Bθ
´
A
sin2 θ
˙
, (22)
where we account for the coordinates dependence of α.
4.1 Low Fourier mode approximation
In a thin layer ∆front at r “ Rs, we use the low mode approximation for all dimensionless
functions above [15]:
αpt, θq “ α1ptq sin 2θ ` α2ptq sin 4θ ` ...,
Apt, θq “ a1ptq sin θ ` a2ptq sin 3θ ` ...,
Bpt, θq “ b1ptq sin 2θ ` b2ptq sin 4θ ` ... (23)
Using the expansions in Eq. (23) and integrating over the colatitude θ, one gets from Eq. (17)
that
9α1 “
ˆ
2.86 ˆ 1023
15pip∆rqfront{1 cm
˙
p5a1 ´ a2q ´ 1.36 ˆ 10
31
"
α1 ` α1
2
pi
ż pi
0
dθ sin2 2θ
B2
B20
` α2
2
pi
ż pi
0
dθ sin 2θ sin 4θ
B2
B20
*
,
9α2 “
ˆ
5.72 ˆ 1023
105pip∆rqfront{1 cm
˙
p7a1 ` 37a2q ´ 1.36 ˆ 10
31
"
α2 ` α2
2
pi
ż pi
0
dθ sin2 4θ
B2
B20
` α1
2
pi
ż pi
0
dθ sin 2θ sin 4θ
B2
B20
*
, (24)
where the ratio B2{B20 for B
2 “ B2ϕ `B
2
θ `B
2
r is given by
B2
B20
“
ˆ
1
1.75
˙"
b21 sin
2 2θ ` 2b1b2 sin 2θ sin 4θ ` b
2
2 sin
2 4θ
` µ2
“
a21 sin
2 θ ` 2a1a2 sin θ sin 3θ ` a
2
2 sin
2 3θ
‰
` 4pa1 ` a2q
2 cos2 θ ` 16a22 cos
2 3θ ` 16pa1 ` a2qa2 cos θ cos 3θ
*
. (25)
Here, in the last line, we substituted pBθA ` cot θAq
2 for B2r {MeV
4 using Eq. (16) and
corresponding linear function from Eq. (23), BθA` cot θA “ 2pa1` a2q cos θ` 4a2 cos 3θ, and
used the expression for |Bθ|
2{MeV4 in the second line.
The evolution equations for all six functions, a1,2ptq, b1,2ptq and α1,2ptq, have cumbersome
form because of the presence of non-linear terms, thereby they are given explicitly in Ap-
pendix A. Thus, there are six self-consistent ordinary differential equations: for azimuthal
potentials a1,2 given by Eq. (30), toroidal field amplitudes b1,2 [see Eq. (31)], and for the
helicity parameters α1,2 given by Eq. (32).
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4.1.1 Initial conditions
The initial condition for the AMHD magnetic helicity parameter αptq “ 2αemµ5ptq{piσ, which
evolves as given in Eq. (17), is chosen relying on a small value of the chiral imbalance,
µ5 ! µe » 3MeV. We take the initial µ5p0q » 1MeV at the level of the neutron-proton
mass difference. Thus, α1p0q “ 2.7 ˆ 10
´4, accounting for the conductivity σ0 “ 17MeV
at Rs “ 150 km and the temperature T “ 10
10K near the shock front in a nascent NS. We
choose also α2p0q “ α1p0q{10 meaning for that a decrease of helicity amplitudes in the low
mode approximation.
To get the initial conditions for Eqs. (20) and (22), we equate the initial normalized
components 10
BθpRs, θ, t “ 0q
MeV2
“´
”
a1p0q sin θ ` a2p0q sin 3θ
ı
,
BrpRs, θ, t “ 0q
MeV2
“2 cos θ
”
a1p0q ` a2p0qp4 cos 2θ ´ 1q
ı
, (26)
that come from Eq. (16) in the low mode approximation in Eq. (23), Bθpt “ 0q{MeV
2 “
Brpt “ 0q{MeV
2 “ 2 ˆ 10´4. Then one can find at the same force line of the poloidal field
Bppt “ 0q “
b
B2θ `B
2
r “ 10
10 G, while at different latitudes when substituting corresponding
θ “ 0 for Brpt “ 0q where Bθptq “ 0 and θ “ pi{2 for Bθpt “ 0q where Brptq “ 0, the following
algebraic system:
a2p0q ´ a1p0q “ 2ˆ 10
´4, a1 ` 3a2p0q “ 10
´4. (27)
The initial amplitudes resulting from Eq. (27) have opposite signs, a1p0q “ ´1.25 ˆ 10
´4,
a2p0q “ `7.5 ˆ 10
´5. We choose the same initial condition for the azimuthal components
at r » Rs, b1,2p0q “ 2 ˆ 10
´4, corresponding, at the beginning, to the toroidal field at Rs,
BpRs, θ, t “ 0q “ psin 2θ ` sin 4θq ˆ 10
10G in the low mode approximation in Eq. (23).
5 Results
Our results, shown in Figs. 1 and 2, are very sensitive to the two parameters: a) the width of
the shock front p∆rqfront, and b) the time cutoff t0 for CME in Eq. (3) that diminishes the
helicity αptq at t ą t0 and leads to a saturation of the magnetic field growth at late times after
the reversal of the matter inflow to the outflow caused by the shock propagation (forwards
only) due to the reheating. We adjust the cutoff time t0 to the corresponding p∆rqfront. For
that we preset in Eq. (3) τ0 “ 3.32ˆ 10
´17, or t0 » 200ms for p∆rqfront “ 10
´10 cm, and one
order of magnitude less for p∆rqfront “ 10
´11 cm: τ0 “ 3.32 ˆ 10
´18, or t0 » 20ms. Such a
choice is dictated by a shorter shock width for the more intensive shock [21] which throws out
the PNS mantle earlier, consequently interrupting at early time any transfer of magnetized
inflow matter onto NS.
There are the two CME outcomes in our AMHD evolution equations. The CME part, given
by the term „ B2{B20 in master Eq. (17), arises from the product „ E ¨B in the statistically
averaged axial Ward anomaly in Eq. (5), when we account for the anomalous current janom „
µ5B in the electric field E in Eq. (6). Such quantum effect occurs negligible at the start
10The dimensionless amplitudes a1,2 come from the decomposition in Eq. (23) for the dimensionless A “
Aϕ{RsMeV
2, see definition below Eq. (20), where Aϕ{Rs is measured in Gauss, or MeV
2 “ 5 ˆ 1013 G in
units ~ “ c “ 1.
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Figure 1: The evolution of the Fourier modes in Eq. (23) for the toroidal field b1,2 in Eq. (22)
and the poloidal field a1,2 in Eq. (20) behind the shock at r À Rs “ 150 km for the different
shock widths. The magnetic field strength along the vertical axis (measured in Gauss) both
for the toroidal and poloidal components: (a) p∆rqfront “ 10
´10 cm; (b) p∆rqfront “ 10
´11 cm.
The behavior of the signs of b1,2 for the different shock widths: (c) p∆rqfront “ 10
´10 cm; (d)
p∆rqfront “ 10
´11 cm.
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Figure 2: The evolution of the Fourier modes α1,2 in Eq. (23) for the helicity parameter α in
Eq. (17) behind the shock at r À Rs “ 150 km: (a) for the shock width p∆rqfront “ 10
´10 cm,
(b) for the shock width p∆rqfront “ 10
´11 cm.
since B2{B20 ! 1 for the small initial magnetic field Bpt “ 0q „ 10
10G comparing with the
normalization factor B0 “ 6.6 ˆ 10
13G near the shock Rs » 150 km, see in Eq. (11). Then,
only at late times t Á 10 ˜ 100 ms, the CME contribution „ B2{B20 becomes effective after
a strong growth of the magnetic field components in Fig. 1 given by the self-consistent non-
linear growth of the α-helicity parameter in Fig. 2. The second CME outcome is stipulated
by the presence of the growing helicity α „ µ5 shown in Fig. 2 in evolution Eqs. (20) and (22)
for the magnetic field components Bp and Bϕ “ B correspondingly.
In Figs 1(a) and 1(b), one can see the downwardly directed spikes of the toroidal com-
ponents b1,2. This feature can be explained since we use the logarithmic scale in Figs 1(a)
and 1(b). The functions b1,2 turn out to change sign in their evolution. In Figs 1(c) and 1(d),
we show the signs of b1,2 versus t. One can see that the toroidal components become negative
exactly at the moments when spikes appear in Figs 1(a) and 1(b).
The influence of the spin-flip „ Γf on the helicity α is illustrated in Fig. 3. From
the start, the shock driver, given by a huge temperature gradient „ p∆rq´1front in Eq. (24),
leads to the opposite dependencies of the helicity modes α1,2 at small times t „ 10
´15 s
due to the opposite initial signs of the corresponding coefficients r5a1p0q ´ a2p0qs ă 0 and
r7a1p0q ` 37a2p0qs ą 0. The negative sign of the spin-flip influence upon α1,2 given by the
term within braces, ´1.36 ˆ 1031α1,2, leads to an additional decrease of α1 (see blue line in
Fig. 3), and simultaneously it retards a growth of the mode α2 supported by the positive
sign of the corresponding shock driver (see red line in Fig. 3). Note that, for the shorter
shock width p∆rqfront “ 10
´11 cm, or for a more intensive shock, the helicity modes α1,2 rise
at early times up to values α2, |α1| “ p2˜3qˆ10
´2 shown in Fig. 3(b). This growth is bigger
than for the width p∆rqfront “ 10
´10 cm, for which the modes α1,2 reach at the same time α2,
|α1| “ p2˜ 3q ˆ 10
´3, see in Fig. 3(a). While at small times t ! t0 shown in Fig. 3 the cutoff
factor in Eq. (3) is irrelevant for the evolution of the helicity modes α1,2, since F ptq “ 1, it
influences strongly at late times diminishing those modes, see in Fig. 2.
Thus, one can see in Fig. 1 the growth of both magnetic field components, poloidal Bp „
a1,2 and toroidal B „ b1,2, on three orders of magnitude from a natural initial value „ 10
10G
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Figure 3: The spin-flip influence upon helicity components α1,2 in Eq. (24) at early times
behind the shock at r À Rs “ 150 km: (a) for the shock width p∆rqfront “ 10
´10 cm, (b) for
the shock width p∆rqfront “ 10
´11 cm.
at the distance r Á 150 km ahead the narrow shock front up to the strong field B » 1013G
behind shock r À Rs. Such amplification is sufficient to get through the following matter
inflow onto NS surface the great value B „ 2.25 ˆ 1015G in a future magnetar at the NS
radius 10 km.
6 Discussion
In the present work, we suggest the new mechanism for the generation of strong magnetic
fields which are produced by the shock after the core bounce in the SN progenitor of a nascent
NS. As the initial condition we assume the presence of the 3D axisymmetric magnetic field
in the PNS envelope, Bpt, r, θq, having the initial strength Bpt “ 0q “ 1010G at the distance
r “ Rs “ 150 km from the NS center just before the shock bounce. Such a seed magnetic
field arises from the previous contraction of a corresponding pre-SN with the size r » 106 km
and the magnetic field B „ 100G on that time. Then, even without the CME mechanism
suggested here, being transferred by matter inflow to the NS surface, such field could reach
B „ 1012G that is a proper value for pulsars.
The amplification of the seed field B “ 1010G in the vicinity of the shock at r À Rs up to
a moderate strong magnetic field B „ 1013G, see in Fig. 1 above, does not violate the gas-
dynamic description of the shock revival in the model in Ref. [16]. Indeed, for such fields the
magnetic energy density is small comparing with the kinetic energy density, B2{2 ! ρv2{2.
Of course, this condition is fulfilled for the supersonic matter inflow11 and the initial magnetic
field B “ 1010G “ 2ˆ 10´4MeV2 ahead the shock. The more important case occurs behind
the shock, where the magnetic field rises up to B » 1013G “ 0.2MeV2 owing to the AMHD
11The free fall velocity v »
a
2GMd{Rs “ 42 ˆ 10
3 km{s is much greater than the sound velocity vs. The
local sound velocity cs “
a
4P {3ρ “ 5.67 ˆ 103 T
1{2
MeV
pS{nq1{2 km ¨ s´1 is larger in the radiation dominated
region behind the shock, r À Rs, since the entropy per baryon S{n is bigger there developing the strong
convection behind the shock due to the convective instability condition, BS{Br ă 0. Oppositely to that the
sound velocity ahead the shock is less both due to a lower temperature and a smaller entropy.
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dynamo, while fluid velocities are smaller than the local sound velocity due to the deceleration
by the shock, v ă cs. Nevertheless, for v À cs “ 10
4 km¨s´1 and ρ » 109 g¨cm´3 in that region,
the kinetic energy density ρv2{2 “ 2.5MeV4 is much bigger than the magnetic energy density
of the saturated magnetic field at the shock Rs “ 150 km, ρv
2{2 " B2{2 “ 0.02MeV4. Thus,
the gas-dynamic description prevails. For the same reason we use the electric conductivity
σ in Eq. (13) valid for a dense non-magnetized npe matter [23] instead of the conductivity
tensor σij for a magneto-active plasma.
The strong amplified magnetic field B » 1013G, frozen in plasma behind the shock, is
transferred by the inflow crossing shock front at Rs “ 150 km onto NS surface at r “ RNS “
10 km, hence reaches there the value BpRNSq » 2.3 ˆ 10
15G that is typical for magnetars.
This amplification proceeds unless the shock being reheated converts the inflow to the outflow
throwing the whole mantle. That moment is the end of the CME activity driven by the
temperature gradient dT {dr at the shock front, the magnetic helicity parameter α „ µ5
ceases, αÑ 0, see in Fig. 2, and we imitate that dynamic shutdown by the smooth temporal
factor in Eq. (3) ahead dT {dr. In Eq. (3), the cutoff time t0 varies in dependence on a
shock intensity and the corresponding shock width, see also comments in Sec. 2. We obtain
numerically t0 „ 20ms for p∆rqfront “ 10
´11 cm and t0 „ 200ms for p∆rqfront “ 10
´10 cm,
seen as the corresponding moments at the beginning of the saturation for B in Fig. 1.
The role of the convection and the advection of matter behind the shock is sub-dominant
for the successful SN explosion when the neutrino time reheating is the shortest one, τheat ă
τcv „ τad [18]. This inequality, on one hand, leads to the nearly spherical explosion, see
in Fig. 6 in Ref. [18]. On the other hand, the fast reheating means the sub-dominant role
of turbulent velocities v ! cs behind the shock responsible for the origin of the helicity
α “ τcorrxv ¨ p∇ˆ vy{3 in the standard MHD. We see in Fig. 2 that the α-helicity parameter
in our AMHD model is competitive to α » 10´3 in the pα ´ Ωq-dynamo model in Ref. [2]
based on convective motions which are caused by the convection instability dS{dr ă 0 in a
nascent NS. Indeed, in the AMHD dynamo model suggested here the helicity α becomes even
greater at its maximum, coinciding over time with moments of saturation for B and reaches
α „ 0.02 for p∆rqfront “ 10
´10 cm, or α „ 0.1 for p∆rqfront “ 10
´11 cm, see in Fig. 2.
In the magnetorotational model developed with the use of differential rotation, the toroidal
magnetic field is growing linearly with time Bϕ „ Brωt. Therefore it can not reach sufficiently
strong values with the timescale compared to the accretion timescale of the collapsed core
(see, e.g., the model in Ref. [27] and comments on that in Ref. [28]).
To resume, the new CME mechanism based on the axial Ward anomaly in particle physics
[see Eq. (4)] provides the growth of natural seed magnetic fields in a SN progenitor of PNS
up to the strong fields B „ 2 ˆ 1015G in a nascent NS. The amplification of the magnetic
field driven by the shock in such SN can be effective even without usual shock consequences
like the postshock advection or convective motions, being similar to the α2-dynamo known in
standard MHD.
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A Complete set of AMHD evolution equations in the mean
field dynamo for rigid NS rotation
In this appendix, we present the full set of differential equations for the expansion coefficients
in Eq. (23).
First, we substitute the low mode series Eq. (23) in Eq. (20). Then, we multiply it by
sin θ and sin 3θ, correspondingly, and integrate that over the colatitude angle, p2{piq
şpi
0
dθp. . . q,
using the normalization
2
pi
ż pi
0
sin2pmθqdθ “ 1, m “ 1, 2, (28)
and the orthogonality
2
pi
ż pi
0
sinpmθq sinpnθqdθ “ 0, m ‰ n. (29)
Finally, we obtain the system of the ordinary non-linear differential equations for the az-
imuthal potential components a1,2,
9a1 “´
“
pµ2 ` 2qa1 ` 2a2
‰
` 2.55
ˆ
16ˆ 1019
315pi
˙
p21α1b1 ´ 6pα1b2 ` α2b1q ` 20α2b2q ,
9a2 “´ pµ
2 ` 12qa2 ` 2.55
ˆ
16ˆ 1019
pi
˙ˆ
4
165
α2b2 `
2
45
pα1b2 ` α2b1q `
α1b1
21
˙
. (30)
Then, we again use the low mode approximation in the Faraday Eq. (22) and multiply
it by sin 2θ and sin 4θ, correspondingly. After the integration it over the colatitude angle
p2{piq ∫pi0 dθp. . . q, we obtain the system of the differential equations for the toroidal magnetic
field amplitudes b1,2,
9b1 “´
“
pµ2 ` 6qb1 ` 4b2
‰
` 2.55
ˆ
16ˆ 1019
315pi
˙”
µ2
´
21a1α1 ´ 6a1α2 ` 15a2α1 ` 14a2α2
¯
` 21a1α1 ` 66a1α2 ` 111a2α1 ` 38a2α2
ı
,
9b2 “´ pµ
2 ` 20qb2 ´ 2.55
ˆ
32ˆ 1019
3465pi
˙”
µ2
´
33a1α1 ´ 110a1α2 ´ 77a2α1 ´ 42a2α2
¯
` 429a1α1 ´ 110a1α2 ´ 649a2α1 ´ 362a2α2
ı
. (31)
Finally, the full set of AMHD evolution equations is completed by the two evolution equations
for α1,2ptq helicity amplitudes resulting from Eq. (24),
9α1 “
2.86 ˆ 1023
15pip∆rqfront
p5a1 ´ a2q ´ 1.36 ˆ 10
31α1
´ 1.77 ˆ 1025
´
µ2
”
2a21α1 ´ a
2
1α2 ` 2a1a2α1 ` 2a1a2α2
` 2a22α1 ` a
2
2α2
ı
` 8a21α1 ` 4a
2
1α2 ` 24a1a2α2 ` 24a
2
2α1
16
` 4a22α2 ` 3α1b
2
1 ` 2α1b
2
2 ` 4α2b1b2
¯
,
9α2 “
5.72 ˆ 1023
105pip∆rqfront
p7a1 ` 37a2q ´ 1.36 ˆ 10
31α2
` 1.77 ˆ 1025
´
µ2
”
a21α1 ´ 2a
2
1α2 ´ 2a1a2α1 ´ a
2
2α1 ´ 2a
2
2α2
ı
´ 4a21α1 ´ 8a
2
1α2 ´ 24a1a2α1 ´ 16a1a2α2 ´ 4a
2
2α1 ´ 40a
2
2α2
´ 2α2b
2
1 ´ 3α2b
2
2 ´ 4α1b1b2
¯
, (32)
where we use the factor B2{B2 given in Eq. (25). We put also µ “ 0 in our numerical
calculations since Parker’s suggestion for the radial derivatives in dynamo [26], RsBrpA,Bq Ñ
´iµpA,Bq, has no sense for the superfine shock width p∆rqfront at r “ Rs.
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